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Abstract. Around 2004, J. Lovejoy [8] proved three Hecke-type series iden-
tities using Bailey pairs. In this article, we prove Lovejoy’s identities using
transformation formulas for q-series discovered by Z.G. Liu in 2013. Some new
Hecke-type series are also derived. Our approach also allows us to derive some
new Hecke-type identities.
1. Introduction
Let n ∈ Z+ , a, q ∈ C with |q| < 1. Let










Let a1, a2, . . . , am be complex numbers and define
(a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n · · · (am; q)n,




a1, . . . , ar






(a1, . . . , ar; q)n












where a, b ∈ Q− {0} and Cn,j(q) are polynomials in q.
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In [8], J. Lovejoy used Bailey pairs to prove three identities involving certain
































In this article, we give new proofs of (1.1), (1.2) and (1.3) using the following
identities of Z.G. Liu.















(1− uq2n)(u, q/a, q/b, qu/c; q)n



























(1− uq2n)(u, q/a, q/b; q)n










Our method not only provides a systematic approach to proving (1.1), (1.2) and

































1There is a misprint in [6] and the power qn
2−n should be replaced by qn
2−2n.
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In order to prove identities such as (1.1) and (1.3), we first need to establish
some identities which are consequences of Theorem 1.1 and Theorem 1.2. These
are given as follows.












































Theorem 1.3 will be established using Theorem 1.1 in Section 2. This is followed
by proofs of (1.1), (1.2) and (1.6).
Theorem 1.4 will be derived using Theorem 1.2 in Section 3 and will be used to
establish (1.3), (1.7) and (1.8).
We end this introduction by providing our motivation behind this work. In a
recent work of L.Q. Wang and A.J. Yee [9], several new Hecke-Rogers type identities
were discovered. All except one of the identities in [9] were proved using Theorem
1.1. The remaining identity was established using (1.1), an identity established by
Lovejoy using Bailey pairs. Our intention to give a new proof of (1.1) is to provide
readers of [9] a complete understanding of their work with only the knowledge of
Theorem 1.1.
2. Proofs of Theorem 1.3, (1.1), (1.2) and (1.6)
We begin this section by proving Theorem 1.3 with the aid of Theorem 1.1.















(1− uq2n)(u, q/a, q/b,−u; q)n



























(1− uq2n)(q/a, q/b, u,−u; q)n
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Using Rogers’ 6φ5 summation formula [4, (2.7.1)]
∞∑
n=0
(1− uq2n)(u; q)n(q/a, q/b, q/c; q)n







(uq, uab/q, ubc/q, uac/q; q)∞
(ua, ub, uc, uabc/q2; q)∞
with u → 1 and c = 0, we find that the first two terms of the right hand side of














Identity (2.7) shows that the first two terms of the right hand side of (2.5) cancel
with the first term of its left hand side. This completes the proof of Theorem
1.9. 
Next, we use Theorem 1.3 to derive (1.1), (1.2) and (1.6).
















Letting b→ 0 in (2.8) and simplifying, we complete the proof of (1.1). 
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Proof of (1.2). Identity (1.2) is established by replacing q by q2 and setting b = q
in (2.8). 
Remark 2.1. Identities (1.9) and (2.8) can be viewed as a two-variable extension
and a one-variable extension of (1.1) and (1.2), respectively.
























































− · · · 1
qn
+ 1 + q + · · ·+ qn−1 = − (1− q
n)2q−n
1− q ,
we complete the proof of (1.6). 
3. Proofs of Theorem 1.4, (1.3), (1.7) and (1.8)
We begin this section by proving Theorem 1.4 with Theorem 1.2 and Rogers’
6φ5 summation.
Proof of Theorem 1.4. In (1.10), we replace q by q2, followed by the substitutions


















(1− uq4n)(u, q2/a, q2/b; q2)n
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Combining (3.2) with the identity [3, (6.6)]
(1 + q2n) 3φ2
(
q−2n, q2n, q2
−q, −q2 ; q
2, q2
)





































Using the Rogers summation formula (2.6) with u = 1, c = 0 and q replaced by
q2, we find that the first term on the left hand side of (3.3) is equal to the sum
of the first two terms on the right hand side of (3.3) and the proof of (1.10) is
complete. 
We now prove (1.3), (1.7) and (1.8) by using (1.10).


















Substituting b = 0 in (3.4), we conclude the proof of (1.3). 
Proof of (1.7). Let b = q in (3.4) and (1.7) follows immediately. 
Remark 3.1. Identities (1.10) and (3.4) can be viewed as a two-variable and a
one-variable extension of both (1.3) and (1.7), respectively.
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− · · · 1
q2n
+ 1 + q2 + · · ·+ q2n−2 = − (1− q
2n)2q−2n
(1− q2) ,
we complete the proof of (1.8). 
4. Conclusion
In the previous sections, we established identities such as (1.1) using Liu’s iden-
tities (1.4), (1.5) and Rogers’ formula (2.6). The approach presented can further
be modified to produce other identities associated with Hecke-type series. We end



























Theorem 4.1 was first proved by Liu [7, Proposition 6.14]. We now give another
proof of Theorem 4.1 using Theorem 1.1.












(1− uq2n)(u, q/a, q/b, qu/c; q)n
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= (−1)nqn(n−1)/2 (qnSn(q)− Sn−1(q)) . (4.4)
Substituting (4.4) into (4.3) and simplifying, we complete the proof of (4.1). 






















(−1)n+j(1− qn + q3n+1 − q4n+2)q2n2−j2 ,
which is Proposition 6.16 of [7]. Using Theorems 1.1, we can also prove the follow-
ing.
Theorem 4.2. For max{|qa|, |qb|, |ab|} < 1, we have










































−q ; q, 1
)
.










(The factor (−1)n is missing in Propositions 2.4, 2.5, 2.6 and Theorem 4.10 of [6].)
Substituting (4.7) into the right hand side of (4.6), we complete the proof of
Theorem 4.2. 
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(−1)n+j(1− q2n+1)qn2+j2 . (4.9)
It appears that (4.8) and (4.9) are new.











was recently discovered and proved by Wang and Yee [9, Proof of Theorem 1.1].
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